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The article discusses the inverse problem for a parabolic equation describing filtration in 
the presence of return flows through a weakly permeable stratum and infiltration. It dis- 
cusses a system of redefined boundary conditions, uniquely determining the unknown func- 

tions entering into the filtration equation. 

In [i] the inverse problem of the theory of filtration was discussed for the simplest model of flow in 

a pressurized stratum. 

The unknown permeability coefficient was determined from the given pressure and the output of a 
central well. The solution was obtained by methods developed in [2-4]. 

In the present article, the inverse problem is solved for a more complex filtration model, taking ac- 
count of return flows through a weakly permeable layer and of infiltration. 

Let us consider a circular stratum of radius R and a central well with the radius r 0. We shall as- 
sume the filtration parameters of the stratum to be radially symmetrical. In the presence of return flows 
through an underlying layer, the equation for the pressure has the form (the coefficient of the elastic ca- 
pacity, for simplicity, is taken equal to unity) [5] 

0t - ~ 0.  ~ - - h ( r )  p 

H e r e  k(r) i s  the p e r m e a b i l i t y  coef f ic ien t  of the ma in  s t r a t u m ;  the fm~ction h(r) is  i n v e r s e l y  p r o p o r -  
t ional  to the th i ckness  of the under ly ing  weak ly  p e r m e a b l e  l aye r .  

The i n v e r s e  p r o b l e m  fo r  Eq. (1) cons i s t s  in de t e rmin ing  the unknowns q(t) and h(r) f r o m  ce r t a in  in -  
f o r m a t i o n  on the solut ion p(r ,  t). 

Le t  us cons ide r  a r ede f ined  s y s t e m  of boundary  condi t ions  [the m a s s  flew ra t e  q(t) and the p r e s -  
s u r e  cp(t) in the well will be assumed to be given functions of the time]: 

2nrok,(ro~, OpOr I . . . .  = q (t), Pr=r~ = O, Pt=o = 0  (2) 

P . . . .  = (p (t) (3) 

It  was  shown in [1] tha t  with h(r) =- 0 the coef f ic ien t  k(r) is  uniquely  e s t ab l i shed  f r o m  the funct ions 
~(t) and q(t). We shal l  show that  in the p r e s e n t  case  the condit ion (2), (3) is  suff ic ient  fo r  the s ing le -  
va lued  de t e rmina t i on  of the funct ions  k(r),  h(r).  Le t  us solve Eqs.  (1), (2). We shall  seek the solution in 
the form of a series in terms of the eigenfunctions of the operator 

Lp t 0 [M'(r) Op ] (4) 
r Or ~ § h (r) p = Xp 

p' (ro) = 0 ,  p (R) = 0  
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As in [i], after a Laplace transformation with respect to the time, we obtain 
or 

P (r, s) = -- Q (s) ~ -7-'-'--] p'~ (r) (5) 

r co 

P (r, s) = t p (r, t) e-Stdt, Q (s) = I q (t) e-Stdt 
0 0 

Here  Pk(r), ~-k a re  normal ized  eigenfunctions and e igennumbers  of the ope ra to r  (4). 

We shall  a s s u m e  that the functions k(r) ,  h(r) sa t i s fy  the conditions 

k ( r ) ~  C 2[ro,R], k ( r ) > 0  
h ( r ) ~  C[r  o,B], h ( r ) > M > - - o o  

Then the ope ra to r  (4) has a finite number  of negative e igennumbers  and, by v i r tue  of the M e r c e r  
theorem,  s e r i e s  (5) converges  uni formly  to [ro, R]. 

Setting r = r 0 in (5), we obtain [ak=Pk-2(r0 ), the normal ized  fac to r s  of the ope ra to r  (4)]: 

co r co 

r (s) = 1 (p (t) e-~tdt 
0 

F r o m  the l a s t  equal i ty i t  follows that 
or 

F r o m  (6) we can de t e rmine  the spec t ra l  p a r a m e t e r s  of the ope ra to r  (4). The e igennumbers  X k a re  
the poles of the express ion  ~ ( - X ) / Q ( - k ) ,  and the no rma l i zed  fac tors  a r e  de te rmined  by the appropr ia te  
deductions: 

ak -1 = Bes~.=~. k [cI:, (--~,) / Q (--,~.)1 

We make  the following r e p l a c e m e n t  of va r i ab l e s  in Eq. (4) [6]: 
r 

x = , 2 V T i ; i '  (x) 
R 

z ( x ) = p g O ,  B =  r  

(7) 

After  the rep lacement ,  we obtain 

- z"  § ] (z) z = ~z 
0' (0) ~ t0~ z ' ( 0 ) -  ~ . , ,  = 0 ,  z (~) = 0 

(8) 

B~ (r176 (9) /(x)=l(x)+-~h(x), Z(x)= V0(zl 

B 2 

We wiU call  ope r a t o r  (8) an ope ra to r  co r respond ing  to ope ra to r  (4) and Eq. (1) with conditions (2), (3). 

The e igennumbers  ~k and the normal i zed  f ac to r s  flk of ope ra to r  (8) a re  equal to 

B e  

The constants  B and 0(0) a r e  de te rmined  f rom the asympto t i c  fo rmu la s  for  #k and •k 

, (+) . (+) V~-[~=k+-~-~-o , ~ = - ~ -  + o  

B = nlim k 2 
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Thus, the sys tem of redefined boundary conditions (2), (3) completely determines  the spectral  func- 
tion of the corresponding opera tor  (8), in accordance  with which the opera tor  is uniquely established [2]. 
As in [1], the function f(x)  and the constant O'(0) are  determined f rom the solution of the inverse  S t u r m -  
Liouville problem for the opera tor  (8), with the spectral  function [2] 

Let us consider the case where one of the functions k(r) or  h(r) is known at [r0, R]. 

If h(r) is known, for the y= r2(x), taking account of (7), (9), we can obtain the nonlinear differential 
equation: 

(l/~) ,r B ~- Y.~ ! -~- h ( l / F )  = / (x) 

2 B  2 B  
y (0) = rg ,  y' (0) = T 0 (0), y" (0) = .-4- 0' (0) 

The function k(r) is determined in pa ramet r i c  form: 

r (x) = l f y  (xi, ~ (~) ~" ,,,2 ( /  (10) 411 z y (,r) 

If the function k(r) is known, then, consequently, the functions r(x), 0(x), l(x) are  known. Then, going 
over f rom the variable x to r, we find the function h(r): 

~: ~ i ~r (11) h(r) ) 7 7 [ / ( r ) - - l ( r ) l .  x ( r ) = - g - I ( r  ), l (r)~- a l f k ( r )  
ro 

If both functions are  unknown, the supplementary condition (3) is obviously insufficient for the single- 
valued determination of k(r) and h(r). There natural ly a r i ses  the question of what additional information 
with respec t  to the functions k(r) and h(r) can be obtained by assigning values of the solution p(r, t) not at 
the single point r = r0, but at severa l  points rm, m = 1, 2, . . . ,  N. 

It is found that no number of additional functions P(rm, t) will permit  the single-valued determination 
of k(r) and h(r). 

Before proving this, let us consider  the following problem. 

Let there be given the redefined sys tem (1)-(3), the value of the function k(r l) at the point r = ri, and 
the integral  xl(r  1) = 7rB-tI(rt). 

We shall show that in this case the solution of the direct  problem p(rl, t) at the point r = rl can be 
determined for all moments  of t ime. 

In actuality, the corresponding opera tor  (8) is determined by conditions (2), (3). Consequently, the 
normal ized eigenfunctions of the opera tor  (8), Zk(x)are  known. But then the following values are  known: 

]/.~- :~ (x,) (12) p~ (r~) = ~ 77 rl- ~ ~k,.~ (rl) 

Substituting (12) into the ser ies  (5) we obtain 
c c  

P (r 1. s) = - -  Q (s) ~ ] / Z  P'r (r") z~. (x,) 

p ( %  t) = ~ ( p 8) e~tds 
J 

cso-- t~  

If the functions k(rm) , I(r  m) are  known for N points r = r m ,  m = 1, 2, . . . ,  N, then the values of the 
function p(r, t) are determined for all points r m. 

Specifically, if the function k(r) is known in the segment Jr ' ,  r " ] ,  the integral  I(r ') is known, and the 
functions ~(t) and q(t) are known, then the solution of the direct  problem (1), (2) is uniquely determined in 
the half-band { r ' - r -  < r " ,  t> 0}, and does not depend on the values of k(r), h(r) outside of the interval [rL 
r " ] ,  which, general ly speaking, remain  indeterminate.  

F tom what has been said it follows that if for  the pair  of functions { k(r), h(r) L (1), (2) and the follow- 
ing condition are  satisfied: 

p (r.~, t) = ~ (t), m = O, t ,  2 . . . . .  N (13) 
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t h e r e  e x i s t s  an inf ini te  se t  of p a i r s  {k*(r),  h*(r)} f o r  which (1), (2), and (13) a r e  val id .  F o r  this ,  s a t i s f a c -  
t ion of the condi t ions  is  suf f ic ient .  

The c o r r e s p o n d i n g  o p e r a t o r s  (8) fo r  the p a i r s  {k(r), h(r)} and {k*(r),  h*(r)} coincide.  

The fol lowing r e l a t i o n s h i p s  a r e  va l id  (m = 0, 1, 2, . . . ,  N): 

k (r,,) = k* (r,,), I (r,,,) = I* (rm) (14) 
r 

I (15) = I* (R) .  [*(,.)= ' ~r 

In ac tua l i ty ,  e v e r y  funct ion k(r) s a t i s fy ing  (14) can be v a r i e d  without  b r eak ing  down r e l a t i o n s h i p s  (14), 
and m a i n t a i n i n g  the va lue  of d k / d r ] r = r ^  cons tant ,  F o r  a changed value of 8k(r) ,  the funct ion 8h(r) i s  so 

O 

chosen  tha t  the funct ion f ( x )  in the o p e r a t o r  (85 will  r e m a i n  as  before ,  F r o m  the f o r m  of f ( x ) ,  i t  fo l lows 
that this can always be done. 

The constant entering into the boundary condition does not change, since the values of k(r0) , kT(r0 5 
remain invariable. 

Thus, from supplementary information of the type of (13) it is impossible to uniquely determine the 
functions k(r) and h(r). However, this can be done if the output and pressure of the well are measured un- 
der other operating conditions. With r = r0, let the solution of Eq. (i) be known with two sets of boundary 

condi t ions  [P0(r) i s  s o m e  unknown function]:  

2.~r0k(ro) @' [ (15) o,. t~=~o = q~ (t), p~ (R)  = 0 

Pi I~0 = 0 

2urok(ro)~r~" I~=ro = q~(t), p f ( R ) =  0 (16) 

P2 [t=o = P0 (r) 
px,~ (r0, t) = qh,2 (t) (17) 

We shal l  show that  condi t ions  (155-(17) uniquely  d e t e r m i n e  the funct ions  k( r ) ,  h(r) .  Ana logous ly  to 
what  has  gone be fore ,  fo r  the L a p l a c e  t r a n s f o r m s  61,2(s) we obtain 

k = l  " 

^ �9 , X3 P'~ (r,,) ~, e~ptr (ro) 
r = - -  ~2~(s) / ,  ~T;7-  + ~ ~. + ; (19) 

k = l  " " =  

R 

c~ = f rp~. (r) Po (r) dr 
ro  

The second  t e r m  in the r i g h t - h a n d  p a r t  of (195 is  a r e s u l t  of  t ak ing  account  of the nonnull  in i t ia l  da ta  
unde r  condi t ions  (16). 

As has  been shown, r e l a t i o n s h i p  (18) c o m p l e t e l y  d e t e r m i n e s  the c o r r e s p o n d i n g  o p e r a t o r  (8). F r o m  
(19) we obtain an e x p r e s s i o n  fo r  Ok, 

c~ = p~i (r0) Re s~,=),~G (-- k) 

G (s) = Qi-i (s) (Q~ (s)qb i (s) - Qi (s)dp~ (s)) 

We e x p r e s s  the coef f i c i en t s  c k in t e r m s  of the known n o r m a l i z e d  funct ions  of the c o r r e s p o n d i n g  
o p e r a t o r ;  

c ~ = l r p ~ ( r ) p o ( r ) d r =  -B-I r(x) V'~-~ dr P ~  V-O(x)po(r(x))z~(x)dx 
0 

ro 0 

Then the funct ion T(X) i s  known: 

o n  (20) 
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Taking into cons ide ra t ion  tha t  0 (x) = ry ' (x )2B,  we obtain an equat ion for  y(x) = r2(x), 

V' (2i) ~ - v ' p o ( I f ~  -) = ~ ( ~ ) ,  v ( o )  = ro ~ 

Solving (215, f r o m  f o r m u l a s  (105, (11), we d e t e r m i n e  the funct ions  k(r)  and h(r).  

In the p r e s e n c e  of in f i l t ra t ion ,  the equat ion for  the p r e s s u r e  a s s u m e s  the f o r m  

O--COt = lr OrO Irk(r)~r]--h.(r)p +oJ(r) (22) 

In th is  case ,  to uniquely  d e t e r m i n e  the t h r ee  funct ions ,  the p r e s s u r e  p~(r0, t) = rp3(t) m u s t  be given 
unde r  some  t h i r d  se t  of condi t ions ,  fo r  example ,  

2ztrok(ro) c9p3 ..... : q3 (t) 

P a ( R ) = 0 ,  Ps]~=0=---0 

We then have 

(q~ (t) ~ qa (t)) 

o o  e e  

q)~(s) = --  ~ i '  J r ~--2-~7 + ~ = I  ~ = ~(-~ ~--~,. ~ = t , 3  

o o  e r  

}~=I k~=l ckpk (r~ p~ (~o) ~ ~. ~p~ (to) - t -  
q)~ (~1 = - Q~ (~5 = ~ - ~ G---~ ~5 = ~ ~ - s  

(23) 

(24) 

(25 )  

The constants Ck, w k are the coefficients of the Fourier functions P0(r), w(r), respectively, with re- 
spect to the system Pk(r). 

From (24) we obtain a relationship to determine the spectral parameters of the operator (4): 

(26) 
~=1 t.~ _ s Q, (s) -- Q1 (s) 

Re la t ionsh ip  (26) d e t e r m i n e s  the c o r r e s p o n d i n g  o p e r a t o r  (85. F u r t h e r ,  us ing  the l a s t  equal i ty  of (24) 
and (25), we obtain 

o e  ~_1%p~ (ro) Q~(s) -- Qa (s) ~_ (I)a(S) QI (s) -- Q~(s) 
= -k/c-v s = (I3z(s) q- ( I ) l ( s )Qa(s)~(s )  ~'~---~Q~(s) (27) 

F r o m  (27) we find c k and, consequent ly ,  we d e t e r m i n e  the funct ions  k(r)  and h(r).  

The coef f ic ien t s  w k a r e  d e t e r m i n e d  f r o m  (24) o r  (255. Then 

c0(r) = ~ co~p~ (1") 

It  i s  not  diff icul t  to  point  to d i f fe ren t  f o r m s  of the boundary  condi t ions ,  uniquely de t e rmin ing  the func-  
t ions  k(r) ,  h(rS, w(r) .  F o r  example ,  in condit ion (23) we can se t  P31t=0 = ~p0(r), where  ~ is  some  constant .  

In conclus ion ,  the au thor  thanks P .  Ya. Kochin fo r  his continuing i n t e r e s t  in the work .  
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